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Density dependence of nuclear symmetry energy as well as its partial wave decomposition is stud-
ied within the framework of lowest-order constrained variational (LOCV) method using AV18 two-
body interaction supplemented by UIX three-body force. The main focus of the present work is to
introduce a revised version of three-body force which is based on an isospin-dependent parametriza-
tion of coefficients in the UIX force, in order to overcome the inability to produce correct saturation-
point parameters in the framework of LOCV method. We find that employing the new model of
three-body force in the LOCV formalism leads to successfully reproducing the semi-empirical pa-
rameters of cold nuclear matter, including Esym(ρ0), L, and Ksym. All our models of three-body
force combined with AV18 two-body force give maximum neutron star mass higher than 2M⊙. The
fraction of protons in the nucleon cores of neutron stars strongly depends on the three-body force
parametrization.
PACS numbers: 21.30.Fe,21.65.Mn,21.65.Cd,21.65.Ef
I. INTRODUCTION
One of the aims of nuclear science is to understand
the properties of strongly interacting bulk matter at nu-
clear levels. In this regard, properties of symmetric nu-
clear matter (SNM) has been studied for a long time and
its equation of state (EOS) around saturation density
ρ0 is known rather well. On the other hand, the EOS
of isospin asymmetric nuclear matter, particularly pure
neutron matter (PNM), has not been established well
despite of its crucial role in both nuclear physics and as-
trophysics. Motivated by this fact, studying the nuclear
symmetry energy Esym which mostly governs the PNM
EOS is currently an active field of research in nuclear
physics.
Since the symmetry energy can not be directly mea-
sured, it is of fundamental importance to identify observ-
ables which strongly correlate with Esym and its density
slope L to impose constraints on these quantities. Addi-
tional information on the value and density dependence
of symmetry energy can be extracted from the astro-
physical observations of compact objects, namely neu-
tron stars. Among the terrestrial laboratory observables,
the neutron skin thickness is widely studied [1–6] dur-
ing last decades. Nowadays, there are many other ob-
servables such as isospin fractionation, neutron-proton
differential flow, nuclear mass systematics, low-lying E1
mode, etc., which are believed to be sensitive to symme-
try energy and particularly, its density slope. We refer to
references [7–11] and references therein quoted for more
details. Density dependence of this quantity also relates
the heavy-ion reactions [12–18], stability of superheavy
nuclei [19], cooling [20–24] and the mass-radius relations
of neutron stars [25, 26], and properties of nuclei involved
in r-process nucleosynthesis [27].
In order to theoretically predict the symmetry en-
ergy, asymmetric nuclear matter is studied in the frame-
work of various microscopic and phenomenological ap-
proaches by using a variety of microscopic and phe-
nomenological two-nucleon forces and phenomenological
three-body forces. Such many-body techniques include
the Brueckner-Hartree-Fock (BHF) [7, 28], its relativistic
counterpart Dirac-Brueckner-Hartree-Fock (DBHF) [29],
the self-consistent Green’s function [30], variational ap-
proaches [31, 32], mean-field model [33], the Quantum
Monte Carlo (QMC) [34], extended relativistic mean field
(ERMF) model [35], and Skyrme-Hartree-Fock (SHF)
method [36]. There are also some recent calculations for
the symmetry energy of finite nuclei (see e.g. [37] and ref-
erences therein). Recent progress and challenges in both
theoretically and experimentally measuring the symme-
try energy and its density dependence, specially at supra
nuclear densities, are also reviewed in Refs. [38–41].
Despite of numerous attempts that was made to de-
termine the symmetry energy properties, especially the
value of Esym(ρ0) and its density slope L at saturation
density ρ0, these quantities are still uncertain. Results
are strongly dependent on different experimental tech-
niques and many-body approaches as well as nuclear in-
teractions. Especially, the density dependence of sym-
metry energy is poorly known. The high density predic-
tion of many-body models for the symmetry energy are
extremely diverse and sometimes contradictory. On the
other hand, although the value of the symmetry energy
is known to be in the range of ∼ 31.6±2.66 MeV [40], ex-
plorations on L show wide variations. The obtained lower
limit is ∼ 20 MeV [42] and the upper one is even higher
than 170 MeV [43]. However, recent surveys of analyses
of terrestrial nuclear laboratory experiments and astro-
physical observations found that the mean value of the
slope parameter at saturation density lies in the range of
58.9± 16.0 MeV [11, 40].
In the present work, within the self-consistent lowest
2order constrained variational (LOCV) approach using the
Argonne V18 two-body potential [44] supplemented by
an Urbana type three-body force (UIX) [45], we study
the density dependence of nuclear symmetry energy with
the focus on the effect of three-body interaction on this
quantity. The LOCV method is a well-known many-body
technique that was originally used to study the proper-
ties of cold symmetric nuclear matter [46, 47] by using
the Reid-type potential [48, 49] as the bare two-body
interaction. Later on, this approach was extended to fi-
nite temperature [50] and also calculation of the EOS
of asymmetric nuclear matter [51], pure neutron matter
[52], and beta- stable matter [53] was carried out within
this framework by using more sophisticated potentials.
Moreover, relativistic corrections has been considered in
calculating thermodynamic properties of nuclear matter
within this model at both zero [54] and finite tempera-
ture [55]. Recently, this technique has been extended by
adding three-body forces to its formalism [56] and has
been used to study the structure of neutron stars [56] as
well as proto-neutron stars [57].
Although this method was successful in reproducing
some properties that characterize the cold symmetric nu-
clear matter, namely the saturation density, saturation
energy and the incompressibility, the nuclear symmetry
energy obtained by this model turns out to be high and
does not lie in the proper range [56]. Therefore, our goal
in the present work is to correct this deficiency by revis-
ing the parametrization of UIX three-body interaction.
The article is organized as follows. In Sec. II we re-
view briefly the adopted LOCV many-body approach in-
cluding three-body interaction. Section III is devoted to
theoretically studying the nuclear symmetry energy. Re-
sults and discussion are presented in Sec. IV. Finally
summary and conclusion are given in Sec. V.
II. THEORETICAL FORMALISM
In this section we briefly describe the LOCV formal-
ism whose details can be found in mentioned references
in the introduction section. As the first step of calcu-
lating the EOS of asymmetric nuclear matter within the
LOCV approach, we produce a trial wave function for A-
body interacting system at zero temperature, denoted by
Ψ, which is defined as the product of a non-interacting
ground state wave function of A independent nucleons,
Φ, and an A-body correlation operator F , as follows [53]
Ψ(1...A) = F (1...A)Φ(1...A). (1)
The correlation operator is in general considered as the
symmetrized product of two-body correlation function
operators, i.e.,
F = S
∏
i>j
f(ij), (2)
where S is the symmetrizing operator. f(ij) is expressed
as
f(ij) =
3∑
α,p=1
f (p)α (ij)O
(p)
α (ij). (3)
Here, α stands for J, L, S, T, and Tz. p is set to unity
except for triplet channels with J = L ± 1. In this case
we choose p=2 and 3 with O
(2)
α =
2
3 +
1
6S12 and O
(3)
α =
1
3 −
1
6S12. The operator S12 denotes the usual tensor
operator. In general, the nuclear Hamiltonian includes
a non-relativistic one-body kinetic energy as well as a
two-body potential V (ij),
H =
∑
i
p2i
2mi
+
∑
i<j
V (ij). (4)
By neglecting the small contribution from higher-order
terms in the cluster expansion series [50], the energy ex-
pectation value E is gained via
E[f ] =
1
A
〈Ψ|H |Ψ〉
〈Ψ | Ψ〉
= E1 + EMB ∼= E1 + E2, (5)
with
E1 =
∑
i
3~2kFi
2
10mi
, (6)
where i = n, p, kFi is corresponding nucleon Fermi mo-
mentum divided by ~, and
E2 =
1
2A
∑
ij
〈ij|W (12)|ij − ji〉, (7)
where W (12) is expressed as
W (12) = −
~
2
2m
[f(12), [∇212, f(12)]] + f(12)V (12)f(12).
(8)
After doing some algebra, final expression for the two-
body cluster energy is obtained by minimizing expression
given by Eq.(8) with respect to variations in the functions
f
(p)
α under the condition
1
A
∑
ij
〈
ij|h2Tz(12)− f
2(12)|ij − ji
〉
= 0. (9)
Equation (9) defines the LOCV normalisation constraint
and can be calculated by using the modified Pauli func-
tion hTz (r) which in case of asymmetric nuclear matter
takes the following form
hTz (r)=

1− 9
2
(
J1
(
kFi r
)
kFi r
)2
−
1
2
, Tz = ±1
= 1 , Tz = 0. (10)
3JL(x) denotes the spherical Bessel function of order L.
The normalisation constraint introduces another parame-
ter in the LOCV formalism, i.e. the Lagrange multiplier
λ. Procedure of minimizing Eq. (8) leads to a num-
ber of Euler-Lagrange differential equations for functions
f
(p)
α (ij). By solving these equations, correlation func-
tions and consequently, the two-body cluster energy can
be determined.
The important role played by three-body forces (3BF)
in both finite nuclei and nuclear matter calculations is
well known. In nuclear matter calculations, unfortu-
nately, whatever realistic two-body force (2BF) is used
in a many-body approach, the saturation properties of
cold symmetric nuclear matter fail to be reproduced cor-
rectly. This deficiency can be cured by inclusion of a
3BF in the nuclear Hamiltonian. For this reason, the
semiphenomenological UIX interaction is considered in
our many-body calculations. Generally, the UIX interac-
tion is written as following [45]
V123 = V
2pi
123 + V
R
123, (11)
with a two-pion exchange contribution as
V 2pi123 = A
∑
cyc
({X12, X23}{~τ1 · ~τ2, ~τ2 · ~τ3}
+
1
4
[X12, X23][~τ1 · ~τ2, ~τ2 · ~τ3]), (12)
and a shorter-range phenomenological part,
V R123 = U
∑
cyc
T 2(mpir12)T
2(mpir23) (13)
A and U are adjustable parameters determined by fitting
the empirical saturation density and energy of the cold
SNM in the LOCV calculations. Numerals 1, 2, and 3
stand for three different interacting nucleons while σ, τ ,
and S12 denotes the spin, isospin and the usual tensor
operator respectively and Y (mpir) and T (mpir) are the
Yukawa and tensor functions. The one-pion exchange
operator X12 in Eq. (12) is defined as
X12 = Y (mpir12)~σ1 · ~σ2 + T (mpir12)S12. (14)
In two recent papers we have presented the procedure
of extending the LOCV approach by using this kind of
3BF in its formalism at both zero [56] and finite temper-
ature [57]. The 3BF is included via an effective two-body
potential derived after averaging out the third particle,
being weighted by the LOCV two-body correlation func-
tions at fixed density ρ, i.e.,
V¯12(r, T ) = ρ
∫
d3r3
∑
σ3,τ3
f2(r13)f
2(r23)V123, (15)
where r = r12. In this way, a density-dependent effective
two-body interaction is gained with the following opera-
tor structure
V¯12(r) =(~τ1 · ~τ2)(~σ1 · ~σ2)V
2pi
στ (r)
+S12(rˆ)(~τ1 · ~τ2)V
2pi
t (r) + V
R
c (r). (16)
Explicit relations for the coefficients V 2piστ (r), V
2pi
t (r), and
V Rc (r) are expressed in [56]. It is pointed out in the men-
tioned reference that some quantities that characterizes
the saturation point of cold symmetric nuclear matter
can not be produced within the LOCV approach even if
the nuclear Hamiltonian is supplemented by a 3BF. This
deficiency motivated us to propose a new parametriza-
tion for UIX 3BF which is based on isospin-dependent
strengths. Our main purpose in the present work is to
construct such a 3BF in order to reach correct saturation
properties within the LOCV model. In this regard, sub-
section B of Sect.IV is devoted to investigating this issue
in detail. The next Section III refers to the nuclear sym-
metry energy and other parameters characterizing satu-
ration point of nuclear matter.
III. NUCLEAR SYMMETRY ENERGY
The energy per particle of cold asymmetric nuclear
matter at given baryon density ρ(= ρn+ρp) and asymme-
try parameter X(= (ρn−ρp)/ρ) can be expanded around
X = 0 as
E(ρ,X) = E(ρ,X = 0) + Esym(ρ)X
2 +O(X4). (17)
The expansion coefficient is the nuclear symmetry energy
and is defined as following
Eexactsym (ρ) =
1
2
∂2E(ρ,X)
∂X2
|X=0 . (18)
Due to the charge symmetry of nuclear forces, odd pow-
ers of X are absent in Eq. (17). Magnitude of the X4
term at saturation density has been estimated to be less
than 1 MeV [58]. Therefore, higher-order terms in X
can be neglected compared to the value of the quadratic
term. Equation (17) is known as the parabolic approxi-
mation for the EOS of asymmetric nuclear matter which
is accurate close to X = 0 and also works well for higher
values of the asymmetry parameter. Within this approx-
imation, the symmetry energy can be defined as
Esym(ρ) = E(ρ,X = 1)− E(ρ,X = 0), (19)
which states that to a good approximation, the symmetry
energy measures the difference between the energy per
particle in uniform isospin-symmetric matter and pure
neutron matter at the fixed density ρ. Then, one can
expand the nuclear symmetry energy around the nuclear
matter saturation density ρ0. To second order the ex-
pansion is written as
Esym(ρ) = Esym(ρ0) +
L
3
(
ρ− ρ0
ρ0
)
+
Ksym
18
(
ρ− ρ0
ρ0
)2
,
(20)
where the coefficients respectively denote the nuclear
symmetry energy value at normal density, the slope, and
the curvature parameter. The L and Ksym characterize
4TABLE I. Saturation properties of symmetric nuclear matter for LOCV calculations with and without 3BF and several many-
body techniques and interactions. All the quantities are in MeV with the exception of ρ0 given in fm
−3.
Model ρ0 E0/A K0 Esym(ρ0) L Ksym Kasy
LOCV (AV18) [56] 0.3270 -23.37 373.31 40.52 74.07 -76.30 -520.57
BHF (AV18) [28] 0.240 -17.30 213.6 35.8 63.1 -27.8 -339.6
QMC (AV8) [34] 0.16 -16.0 - 30.50 31.30 - -
DBHF (Bonn A) [29] 0.181 -16.62 233 34.80 71.20 - -
DBHF (Bonn B) [29] 0.162 -15.04 190 31.20 55.90 - -
DBHF (Bonn C) [29] 0.148 -14.14 170 28.9 46.7 - -
DBHF (Bonn AB) [29] 0.17 -15.52 204 32.3 61.1 - -
LOCV (AV18+UIX) [56] 0.1748 -15.58 295.77 39.9 115.75 15.58 -678.92
BHF(AV18+UIX) [7] 0.187 -15.23 - 34.30 66.50 - -
QMC (AV8+UIX) [34] 0.16 -16.0 - 35.10 63.60 - -
variational (AV8+UIX) [32] 0.16 -16.09 245 30.0 - - -
BHF (AV18+UIX) [28] 0.176 -14.62 185.9 33.6 66.9 -23.4 -343.8
mean field [33] 0.16 -16.0 - 31.6 ± 2.2 56± 24 -125.79 -
ERMF (BSR1) [35] 0.1481 -16.02 240.05 30.98 59.61 - -
ERMF (BSR7) [35] 0.1493 -16.17 231.86 36.99 98.78 - -
SHF [36] 0.16 -16.0 230.0 30.5 ± 3 52.5± 20 - -
FSU [61] 0.148 -16.30 230.0 32.6 60.5 -51.3 -276.6
NL3 [62] 0.148 -16.24 271.6 37.4 118.5 100.9 -698.4
TM1 [63] 0.145 -16.32 281.0 36.8 110.8 -66.4 -518.7
DDME1 [64] 0.152 -16.23 332.8 33.1 55.6 -100.8 -508.1
RMF (NL3) [37] 0.148 -16.3 272 37.4 118.2 - -
RMF (TM1) [37] 0.145 -16.3 281 36.9 110.8 - -
RMF (FSU) [37] 0.148 -16.3 230 32.6 60.5 - -
RMF (IUFSU) [37] 0.155 -16.4 231 31.3 47.2 - -
the density dependence of symmetry energy around the
saturation density and are written as
L = 3ρ0
(
dEsym(ρ)
dρ
)
ρ0
. (21)
Ksym = 9ρ0
2
(
d2Esym(ρ)
dρ2
)
ρ0
. (22)
On the other hand, it is possible to expand the isobaric
incompressibility of asymmetric nuclear matter in the
power series of asymmetry parameter X as
K(X) = K0(X = 0) +KasyX
2 +K4X
4 +O(X6), (23)
where K0(X = 0) is the incompressibility of SNM at
normal density and is expressed as
K0(X = 0) = 9ρ0
2
(
d2E(ρ,X = 0)
dρ2
)
ρ0
. (24)
TheKasy coefficient characterizes the isospin dependence
of the incompressibility at saturation density and is often
determined by using the following approximate expres-
sion [59]
Kasy ≈ Ksym − 6L . (25)
Once again, one can keep only the first two terms in Eq.
(23) and neglect higher order ones in X [60]. Quantities
Kasy and Esym(ρ0) together with the slope parameter
can be determined experimentally and provide informa-
tion about the density dependence of nuclear symmetry
energy at normal nuclear density.
IV. RESULTS AND DISCUSSION
We first focus on calculations which are done by using
only 2BF as well as 2BF+3BF with isospin-independent
parameters in UIX 3BF. After that, in the second subsec-
tion we present our results obtained using revised version
of 3BF based on the isospin-dependent parametrization
of coefficients A and U in the UIX three-body force.
A. UIX three-body force with isospin-independent
A and U parameters
In the beginning, we mention that in order to calcu-
late the effective two-body potential via Eq. (15), the
1S0 channel two-body correlation function is used, as dis-
cussed in our previous work [56]. Moreover, for each spe-
cific asymmetry, the two-body correlation function which
is obtained at the same asymmetry is used. Let us now
start with presenting results of the energy per nucleon.
Figure 1 shows the comparison between the energy per
particle of SNM (X = 0) and PNM (X = 1) using 2BF as
well as 2BF+3BF. Properties of saturation point of SNM
in both cases are also listed in Table I. As has been men-
tioned earlier and is seen in Fig.1, if two-body potential
is the only interaction considered in the nuclear Hamilto-
nian, calculations fail to reproduce the saturation point
of symmetric nuclear matter, i.e. they yield too small
binding energy and a saturation density well above the
empirical value of ρ0 = 0.17±0.01 fm
−3. Moreover, from
5Table I it can be concluded that the isobaric incompress-
ibility of SNM, K0, which is defined by Eq. (24), is too
large and does not lie in the rage of 250 < K0 < 315
MeV which is calculated by re-analysing of recent data
on the giant monopole resonance [65]
Now let us focus on the case of using both 2BF and 3BF
in the calculations. As expected, inclusion of 3BF leads
to an acceptable saturation point by increasing the bind-
ing energy at saturation as well as pushing the saturation
density toward lower values. The isobaric incompressibil-
ity at normal density is also decreased so that it fits well
in the proper range. It is found that values A = −0.041
MeV and U = −0.000523 MeV yield a reasonable satu-
ration point for cold SNM in the LOCV calculations.
By using the empirical parabolic law, nuclear symme-
try energy can be easily extracted from LOCV micro-
scopic calculations via Eq. (19) provided the parabolic
approximation is valid. Quadratic dependence of the
symmetry energy E(ρ,X) − E(ρ, 0) as a function of
isospin asymmetry X at different densities is shown in
Fig. 2. Panel (a) of this figure is devoted to results
obtained by using only two-body interaction while the
other panel shows the results when the 3BF is included.
In both cases, it is seen that the parabolic law is truly
valid in the whole range of X at least up to moderate
densities. Therefore, to a good approximation, Esym(ρ)
can be determined by using the parabolic law.
Density dependence of the nuclear symmetry energy
from both 2BF and 2BF+3BF potentials is shown in Fig.
3. As can be seen, inclusion of 3BF causes a significant
difference in both the behaviour and the value of Esym(ρ)
compared to the case of using only 2BF. The latter leads
to a soft symmetry energy that tends to be saturated
at high densities, whereas the density-dependent nature
of the 3BF provides more repulsive contribution to the
PNM EOS and consequently, causes the symmetry en-
ergy to increase sharply with density. Exact values of
symmetry energy calculated from Eq. (18) are also plot-
ted in this figure. It is seen that there is no significant
difference between the exact curves and those obtained
from the parabolic approximation, i.e. Eq. (19), as is
concluded from Fig. 2.
On the other hand, from Table I one can conclude that
the value of nuclear symmetry energy at normal density,
Esym(ρ0), turns out to be too large in the case of us-
ing only 2BF, although calculations predict the value of
74.07 MeV for the slope parameter at saturation den-
sity which is consistent with the constraint of 58.9± 16.0
MeV [40]. In order to see whether the model predicts the
correct curvature parameter, Ksym, one should use the
approximate relation of Kasy ≈ Ksym − 6L. Kasy is the
isospin-dependent part of the incompressibility of SNM
at normal density (see Eq. (23)) and can be extracted
experimentally. Estimate of Kasy = −500± 50 MeV has
been obtained from isospin diffusion data [66, 67], while
a systematic study of giant monopole resonance for Sn
isotopes predicts Kasy = −550 ± 100 MeV [68]. The
value of this quantity obtained within the LOCV model
TABLE II. Symmetry energy at saturation density Esym(ρ0),
slope parameter L, curvature parameter Ksym, and the
isospin-dependent part of the isobaric incompressibility Kasy
(all in MeV) for different parameters of 3BF.
(A′, U ′) Esym(ρ0) L Ksym Kasy
(0,0) 39.9 115.75 15.58 -678.92
(0.0015,-0.000523) D 35.0 89.91 -47.91 -587.37
(0.0175,-0.000261) C 33.0 74.04 -101.42 -545.66
(0.0337,0) B 31.0 57.43 -159.13 -503.71
using 2BF is -520.57 MeV which lies well in the exper-
imentally determined range. This result shows that the
obtained Ksym is also reasonable. For the sake of com-
parison, results from a number of many-body techniques
and interactions are also reported in Table I.
Although considering 3BF in the LOCV formalism was
successful in producing the empirical saturation point,
unfortunately it fails to provide a correct value for sym-
metry energy at normal density. This model predicts the
value of Esym(ρ0) = 39.9 MeV which although is smaller
than the result obtained by using 2BF, is still clearly too
large compared to the experimentally determined range
of ∼ 31.6 ± 2.66 MeV [40]. Moreover, as can be seen
in Fig. 1, the large contribution that comes from the
PNM energy, provides a stiff nuclear symmetry energy
with large slope parameter L = 115.75 MeV. Obtained
value for Kasy is -678.92 MeV which is smaller than the
lower limit of -650 MeV predicted from giant monopole
resonance for Sn isotopes.
B. Revised version of the UIX three-body force
with isospin-dependent strengths
The earliest model of P-wave two-pion exchange poten-
tial is due to Fujita and Miyazawa [69], who assumed that
it is entirely due to the excitation of the ∆-resonance.
Neglecting the nucleon and ∆ kinetic energies we obtain
A = −
2
81
f2piNN
4π
f2piN∆
4π
m2pi
(m∆ −mN )
, (26)
wheremi is the mass of particle i and fpiNN and fpiN∆ are
the πNN and πN∆ coupling constants, respectively. Us-
ing the observed values of m∆, f
2
piN∆ ∼ 0.3 − 0.35, and
f2piNN ∼ 0.075, Eq.(26) predicts that A ∼ −0.04 MeV
[70]. In some models of V123, by starting from the ob-
served pion-nucleon scattering amplitude, and using cur-
rent algebra and PCAC constraints, or chiral symmetry,
higher absolute value of A is reached which is a conse-
quence of taking into account the contributions of all the
π−N resonances, as well as that of π−N S-wave scatter-
ing to the two-pion exchange 3BF. For example, Tucson-
Melbourne [71] and Texas [72] models predict values of
-0.063 MeV and -0.09 MeV for the strength A, respec-
tively [70]. On the other hand, in all the Urbana models
of 3BF, A is treated as an adjustable parameter and is
6varied to fit the data. In light nuclei calculations, param-
eters A and U are chosen to yield the observed binding
energies of 3H and 4He. On the other, because of the
likely many-body effects which are not yet known well,
there is no reason to believe that 3BF in nuclear matter
system be the same as in light nuclei. As a consequence,
in the case of nuclear matter, the values of 3BF parame-
ters are adjusted to yield the empirical saturation point
of SNM as well as the isobaric incompressibility [73, 74].
Because of our poor knowledge of Hamiltonian in high
density nuclear systems, there is no reason to believe that
the 3BF among nnn be the same as among nnp, npp and
ppp. Therefore, it seems reasonable to correct the Hamil-
tonian by considering an isospin asymmetry-dependent
parametrization for the strength of 3BF.
As already concluded from previous subsection, within
the LOCV method, it seems that the current form of
3BF fails to reproduce the semiempirical values of all the
quantities that characterize the saturation point, at the
same time. This fact motivated us to revise the proce-
dure of calculating 3BF. Parameters A and U in the UIX
three-body force (see Eqs. (12) and (13)) are usually con-
sidered as constants which are determined by fitting the
empirical saturation density and energy of the cold SNM.
In the present work, we extend this procedure, by propos-
ing an isospin dependent structure for these parameters.
Namely, we assume that A and U can be expanded to
second-order in asymmetry parameter X as
A = Asym +A
′X2, (27)
and
U = Usym + U
′X2. (28)
It must be noted that this consideration will not violate
the formalism of LOCV method, since one still has two,
but different parameters in 3BF for each given nuclear
system i.e., SNM, PNM and β-stable matter. Rewrit-
ing the 3BF strengths in the form of Eqs. (27) and (28)
only changes the nuclear Hamiltonian and it surely keeps
the many-body formalism unchanged. Such correction in
Hamiltonian is also seen in other papers such as that by
Akmal, et al [75], where in addition to 2BF and 3BF,
the authors consider a density-dependent term with ad-
justable strength in order to reproduce correctly the sat-
uration properties of SNM.
By putting X = 0 in Eqs. (27) and (28), i.e. consider-
ing symmetric nuclear matter, one reaches the previous
scenario. Therefore, Asym and Usym must have the same
values as those mentioned before, i.e. -0.041 MeV and
0.000523 MeV, respectively. Variables A′ and U ′ are de-
termined in such a way that both the symmetry energy
and its slope lie in the empirical range. For the whole
range of A′ and U ′ reported in Fig.4, values of both A
and U lie well in the range of −0.09 < A < −0.0058
MeV [72, 76] and 0 < U < 0.032 MeV [70, 77] which are
obtained by other authors, in case of any nuclear matter
system (SNM, PNM and β-stable matter).
TABLE III. Kinetic and potential energy contributions to
Esym, L and Ksym (all in MeV) at saturation density for
different parameters of 3BF.
(A′, U ′) Esym L Ksym
(0,0) 〈T 〉 13.75 27.49 -27.50
〈V 〉 26.15 88.26 43.08
Total 39.90 115.75 15.58
(0.0015,-0.000523) D 〈T 〉 13.75 27.49 -27.50
〈V 〉 21.25 62.42 -20.41
Total 35.00 89.91 -47.91
(0.0175,-0.000261) C 〈T 〉 13.75 27.49 -27.50
〈V 〉 19.25 46.55 -73.92
Total 33.00 74.04 -101.42
(0.0337,0) B 〈T 〉 13.75 27.49 -27.50
〈V 〉 17.25 29.94 -131.63
Total 31.00 57.43 -159.13
In order to achieve the proper value for Esym(ρ0) and
L, a softer EOS for PNM should be produced. There-
fore, the repulsive part of 3BF, given by Eq. (13), which
is controlled by the strength U , should be smaller. One
way to do this task is to assume that there is no repulsive
term in 3BF for PNM (X = 1). This aim can be reached
by putting U ′ = −Usym in Eq. (28). Another way is to
assume that the repulsive part of 3BF for PNM is the
same as that for SNM which means setting U ′ = 0 in Eq.
(28). Choosing positive values for U ′ will increase the
repulsive component and does not help solving the prob-
lem. On the other hand, if one sets U ′ < −Usym, expres-
sion given by Eq. (28) becomes negative for PNM which
is against the nature of this phenomenological repulsive
component. As a consequence, U ′ can vary between two
extreme values mentioned above, i.e., −Usym < U
′ < 0.
Figure 4 shows the resulting Esym(ρ0) and L in the
plane of A′ − U ′. Each shaded parallelogram shows
a specific span for symmetry energy at normal density
while each diagonal black line corresponds to a fixed
value of slope parameter. As an example, all pairs
(A′, U ′) which are located within the tilted box produce
31 < Esym(ρ0) < 32 MeV. Similarly, all pairs (A
′, U ′)
which are between the lines L = 60 and L = 65, produce
60 < L < 65 MeV. As can be seen in this figure, by set-
ting A′ = 0 in Eq. (27) one reaches to Esym(ρ0) > 35
MeV and L > 90 MeV for the whole range of U ′ which
are large compared to empirical values. Therefore, A′
should be also non-zero in order to get smaller symmetry
energy as well as the slope parameter. From this figure,
it can also be concluded that both Esym(ρ0) and L vary
with parameters A′ and U ′, although the slope parame-
ter seems to be more sensitive. Particularly, for a fixed
value of U ′, both the symmetry energy and the slope pa-
rameter decrease with A′ while at fixed A′ both Esym(ρ0)
and L increase as U ′ tends to zero.
In order to understand the difference between the re-
vised version of 3BF (which is characterized by Eqs. (27)
and (28)) and the old one (the case of A′ = U ′ = 0), a
comparison is made for each component of the effective
7two-body interaction, namely the coefficients of Eq. (16).
To do this task, three (A′, U ′) pairs which are denoted
by letters B, C, and D in Fig. 4, are compared with the
3BF with isospin-independent strengths, i.e. the case of
A′ = U ′ = 0. Components V 2piστ (r), V
2pi
t (r), and V
R
c (r) of
these four points are respectively plotted in Figs. 5 to 7
at ρ = 0.17 fm−3 for PNM. Corresponding numerical val-
ues of A′ and U ′ are also reported in Table II. Two-pion
exchange contribution to the UIX 3BF is divided into
two components, namely V 2piστ (r) and V
2pi
t (r) which are
both controlled by the strength A. Now let us consider
the PNM case which is reached by putting X = 1 in Eqs.
(26) and (27), and keeping in mind that Asym is negative,
as mentioned earlier. Consequently, the strength A tends
to zero by increasing A′ and one expects to get two-pion
exchange components with smaller absolute value. This
fact can be clearly seen in Figs. 5 and 6. Among four
chosen cases, the largest value of A′ corresponds to point
B (see Fig. 4). Therefore, the smallest absolute value of
effective two-body potential is obtained in this case.
Figure 7 shows the repulsive component of UIX 3BF
whose strength is governed by parameter U . Once again,
the isospin asymmetry is set to 1 (the case of PNM).
As already pointed out, Usym is a positive parameter
whereas U ′ is a negative one which varies in the range
of −Usym < U
′ < 0. Therefore, larger negative values of
U ′ lead to smaller U and consequently weaker repulsive
components, as is seen in Fig.7. On the other hand,
point D corresponds to the lower limit predicted for U ′,
i.e. U ′ = −Usym which is equivalent to the case of U = 0.
Therefore, at point D there is no repulsive component.
In Fig. 8(a) the energy per nucleon of PNM is pre-
sented which is obtained by using four different effec-
tive two-body potentials plotted in Figs. 5 to 7. It
is seen that the EOS is strongly sensitive to the pro-
posed parametrization of variables A and U . All curves
with non-zero A′ and U ′ are located below the case of
A′ = U ′ = 0 at the whole range of density. Therefore, it
can be concluded that by producing an isospin-dependent
structure for the 3BF parameters, our wish for gaining a
softer EOS for PNM can be fulfilled.
Figure 8(b) represents the corresponding results for the
density dependence of nuclear symmetry energy. A sig-
nificant difference can be seen in both the value and be-
haviour of Esym(ρ) depending on the values of A
′ and
U ′. While symmetry energy obtained from A′ = U ′ = 0
parametrization increases with density, those of isospin-
dependent A and U tend to saturate at large densities.
This tendency decreases from point B to D. Values of
symmetry energy at saturation density Esym(ρ0), slope
parameter L, curvature parameterKsym, and the isospin-
dependent part of the isobaric incompressibility Kasy are
reported in Table II for all curves. From this Table it is
clear that all mentioned quantities which characterize the
empirical saturation point, lie well within the experimen-
tally predicted ranges.
In Fig. 8(c) the density dependence of Esym predicted
by LOCV method assuming model D of revised UIX 3BF
TABLE IV. Partial wave decomposition of the potential part
of Esym, L and Ksym (all in MeV) at saturation density for
different parameters of 3BF.
Partial wave (A′, U ′) Esym(ρ0) L Ksym
1S0 (0,0) 0.47 11.58 4.76
(0.0015,-0.000523) D -1.27 5.29 0.45
(0.0175,-0.000261) C -1.1 4.67 -5.35
(0.0337,0) B -0.97 3.76 -12.04
3S1 (0,0) 25.87 61.76 -29.41
D
C
B
1P1 (0,0) -4.67 -19.19 -26.36
D
C
B
3P0 (0,0) -0.76 0.08 8.4
D -1.03 -1.38 4.92
C -0.73 0.96 14.1
B -0.44 3.19 21.17
3P1 (0,0) 4.38 19.21 40.08
D 3.77 14.74 23.97
C 3.64 13.13 15.08
B 3.59 11.64 5.99
3P2 (0,0) 0.03 12.25 54.53
D -1.86 1.18 23.80
C -3.63 -13.09 -30.63
B -5.43 -27.83 -86.59
1D2 (0,0) -2.50 -10.00 -4.87
D -2.76 -11.78 -11.72
C -2.43 -9.19 -1.71
B -2.10 -6.56 8.60
3D1 (0,0) -0.14 -0.64 -7.33
D
C
B
3D2 (0,0) 3.37 13.83 14.86
D
C
B
3F2 (0,0) 0.09 -0.61 -11.58
D -0.02 -1.39 -13.59
C -0.91 -5.69 -17.17
B -1.82 -10.02 -20.52
(curve D in Fig. 8(b)) is compared with the results of
other many-body approaches such as variational [31] and
BHF [69–71] models using different potentials. It is seen
that both the values and behaviour of Esym obtained
using D version of revised UIX 3BF in the LOCV method
is in agreement with results of BHF calculations with
3BF.
One of the quantities which is directly affected by
the symmetry energy is the relative population of pro-
tons Yp =
1
2 (1 − X) in the β-stable matter which is a
matter composed of an uncharged mixture of neutrons,
protons, electrons, and muons in equilibrium with re-
spect to the weak interaction. Figure 9 displays this
quantity as a function of total baryon density for dif-
8ferent (A′, U ′) pairs, namely (0, 0), points B to D and
(0.0127,−0.000523), denoted by letter E. It is seen that
both the value and behaviour of the proton fraction is
strongly sensitive to the values of 3BF strengths. some
curves are rising in the whole baryon density range while
others tend to saturate. The reason is related to the
behaviour of the symmetry energy in each case. As is
seen in Fig. 8(b), Esym(ρ) saturates for some values of
A′ and U ′ and consequently, the proton fraction shows
the same behaviour, due to Yp(ρ) ∝ E
3
sym(ρ), relation
valid for Yp ≪ 1 which is satisfied here (see, e.g. [72]).
The smaller are the symmetry energy and the slope
parameter, the smaller is the density at which the pro-
ton fraction saturates. However, there exists a region in
(A′, U ′) plane characterized by −0.000327 < U ′ < 0 and
Esym(ρ0) & 33.6 MeV (see Fig. 4) within which proton
fraction increases monotonously and does not saturate in
the whole range of density up to 1 fm−3 if one chooses
any (A′, U ′) pairs from this area to calculate the energy
of β-stable matter.
Since three-body forces which are one of the key quan-
tities in calculations of the symmetry energy, contribute
only to the potential part of Esym(ρ), it seems valuable
to separate the symmetry energy into its kinetic, 〈T 〉,
and potential, 〈V 〉, parts. Results of such separation is
reported in Table III for different (A′, U ′) pairs at sat-
uration density ρ0 = 0.1748 fm
−3. The kinetic term
of the symmetry energy is, to a very good approxima-
tion, equal to the difference in the kinetic energy be-
tween PNM and SNM, calculated using a simple Fermi
gas model. Therefore, this term gives the same contri-
bution for all parametrizations of 3BF. In the case of
A′ = U ′ = 0, the large contribution comes from the po-
tential part, and this causes both the symmetry energy
and its slope not to lie in the experimental range. This
problem is resolved for parametrizations B,C,D by con-
sidering isospin-dependent parametrization for the 3BF
coefficients. As can be concluded in Fig. 4, the least
value of 〈V 〉 corresponds to point B.
In the LOCV approach one has access to the separate
contributions of partial waves energies in the correlated
many-body state. Table IV shows the partial wave de-
composition of the potential part of Esym(ρ0), L, and
Ksym up to J = 2 for different parameters of 3BF. Note
that a number of partial waves, namely 3S1,
1P1,
3D1,
and 3D2, does not contribute to neutron matter. There-
fore, contributions from these waves to the symmetry en-
ergy are the same for all allowed values of A′ and U ′. For
the six remaining partial waves, all quantities Esym(ρ0),
L, and Ksym decrease (or increase) monotonically from
point D to B. The only exception is 1S0 channel in which
Esym(ρ0) increases from D to B while L and Ksym show
opposite behaviour. It can be concluded from this table
that the 3S1 −
3D1 channel gives the major contribution
to Esym(ρ0) and L. It is also observed that the S = 1
(spin triplet) and T = 0 (isospin singlet) channel gives
the largest contribution to both symmetry energy and its
slope for all values of A′ and U ′. Similar features have
been reported in [7] and references therein.
C. Some astrophysical implications of our results
We expect that for 0.5ρ0 < ρ < 2ρ0) (outer core, see
e.g. [72]) NS matter is an uniform, electrically neutral
npeµ plasma in β-equilibrium. This is also the simplest
(minimal) model of the inner core of NS (ρ > 2ρ0). Us-
ing our 2BF+3BF nuclear Hamiltonian, we calculated
the equation of state (EOS) and composition of NS core.
Beta equilibrium implies specific fractions of j = n, p, e, µ
in NS matter constituents, Yj = ρj/ρ.
Cooling rate of NS core dramatically depends on Yp.
Namely, if Yp < YDU, where YDU = 0.11 − 0.145 (de-
pending on the precentage of muons), then powerful di-
rect Urca (Durca) process of neutrino emission can act,
leading to a fast NS cooling [73, 74](for review of neu-
trino cooling of NS see, e.g. [75]). As we see in Fig.9,
in the case of our 2BF+3BF Hamiltionian, 3BF decides
whether the Durca process is acting in NS core (this was
already remarked in [76]).
Making 3BF less repulsive is crucial for getting cor-
rect values of Esym(ρ0) and L. However, this leads to a
softer EOS for NS cores. As a consequence, the maximum
allowable mass for NS for the 2BF+3BF Hamiltonian,
Mmax, decreases (in what follows we neglect the effect of
rotation on Mmax, which for the frequencies of recently
discovered 2 M⊙ pulsars [73, 74] is very small). For all
models of our revised UIX 3BF we get Mmax > 2 M⊙,
consistently with [77, 78].
This subsection is but a brief report on the effects of a
revised 3BF on NS models. More detailed presentation
will be given in a separate paper.
V. CONCLUSION
The extended LOCV formalism including the UIX 3BF
force is used in order to study the density dependence
of nuclear symmetry energy at zero temperature. The
AV18 potential is used as the bare two-body interaction.
It is shown that although inclusion of 3BF is successful
in reproducing the saturation point properties, namely
saturation density and saturation energy as well as the
isobaric incompressibility, it fails to predict a reason-
able value for both symmetry energy at normal density
and its slope. In order to correct this deficiency, a re-
vised version of 3BF is proposed which is based on an
isospin-dependent parametrization of coefficients A and
U in the UIX model. To analyse the effect of the new
parametrization, different components of the revised 3BF
are compared to those of the old one. Effect of the new
parametrization of 3BF on density dependence of sym-
metry energy, its value at saturation density and its slope
and curvature is also studied. It is shown that using this
kind of 3BF in the LOCV formalism results in accept-
able values for Esym(ρ0), L, Ksym and Kasy. Moreover,
9separate contributions of partial waves energies in the po-
tential part of symmetry energy are reported. It is found
that the S = 1 and T = 0 channel, and particularly the
3S1 partial wave, give the largest contribution to both
symmetry energy and its slope for all values of A′ and
U ′.
Implications of our 3BF on NS models were briefly
mentioned in Sect. IV.C. A detailed report on the ap-
plication of our 3BF models to modeling of NS structure
and evolution is being prepared.
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FIG. 1. Equation of state of SNM (X = 0) as well as PNM (X = 1) using different 2BF and 2BF+3BF.
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FIG. 3. Density dependence of nuclear symmetry energy for different interactions.
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FIG. 4. Symmetry energy at saturation density Esym(ρ0) as well as its slope L (all in MeV) in the plane of A
′−U ′. Numerals
31 to 35 denote the value of Esym(ρ0). See the text for details.
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FIG. 5. The V 2piστ (r) component of the effective two-body potential at ρ = 0.17 fm
−3 for PNM obtained by using different
parameters of 3BF. Points B to D are indicated in Fig. 4.
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0
1
2
3
4
 A'=U'=0
 D
 C
 B
 
 
V2 t
r (fm)
FIG. 6. Same as Fig. 5 but for V 2pit (r) component.
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FIG. 7. Same as Fig. 5 but for V Rc (r) component.
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FIG. 8. (a) Energy per nucleon of PNM for different revised 3BF parameters. (b) Same as panel (a) but for nuclear symmetry
energy.(c) Density dependence of nuclear symmetry energy obtained by LOCV approach using AV18+3BF (curve D in panel
(b)) as well as other many-body techniques and potentials.
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FIG. 9. Fraction of protons in β-stable matter for different revised 3BF parameters.
